This paper presents the results of the study of the dynamics of a real spherical robot of combined type in the case of control using small periodic oscillations. The spherical robot is set in motion by controlled change of the position of the center of mass and by generating variable gyrostatic momentum. We demonstrate how to use small periodic controls for stabilization of the spherical robot during motion. The results of numerical simulation are obtained for various initial conditions and control parameters that ensure a change in the position of the center of mass and a variation of gyrostatic momentum. The problem of the motion of a spherical robot of combined type on a surface that performs flat periodic oscillations is also considered. The results of numerical simulation are obtained for different initial conditions, control actions and parameters of oscillations.
Introduction
In recent studies of nonholonomic systems the problems of moving a Chaplygin sleigh and Chaplygin top by small periodic control actions are considered. The results confirm the possibility of constant acceleration (speedup) of the wheeled vehicle due to the periodic change in the mass distribution [1, 2] , as well as acceleration of the Chaplygin top with the help of an internal rotor [3] . In this case, the acceleration mechanism is called Fermi acceleration and is observed in systems with two and a half or more degrees of freedom.
A large number of works are devoted to pendulum systems with a vibrating point of suspension [4] [5] [6] [7] [8] in which the dynamics of systems and the conditions for their stability are investigated. The results obtained in these studies can be used to create more complex systems, including mobile robots. For example, spherical robots have been actively developed recently. A detailed overview of existing designs of spherical robots can be found in the dissertation by Ylikorpi [9] and in [10] [11] [12] [13] [14] .
This paper presents the results of the study of the dynamics of a real spherical robot of combined type in the case of control using small periodic oscillations. The spherical robot is set in motion by controlled change of the position of the center of mass and by generating variable gyrostatic momentum [15] [16] [17] .
We demonstrate how to use small periodic controls for stabilization of the spherical robot during motion. The results of numerical simulation are obtained for various initial conditions and control parameters that ensure a change in the position of the center of mass and a variation of gyrostatic momentum.
The problem of the motion of a spherical robot of combined type on a surface that performs flat periodic oscillations is also considered. The results of numerical simulation are obtained for different initial conditions, control actions and parameters of oscillations. Possible modes of motion of the spherical robot on the oscillating plane are discussed.
Equations of motion of a spherical robot of combined type
Consider a spherical robot of combined type rolling without slipping on a horizontal absolutely rough plane ( Fig. 1 ). To describe the dynamics of the spherical robot, we define two coordinate systems: a fixed (inertial) coordinate system Oαβγ with unit vectors α, β, γ, and a moving coordinate system Ce 1 e 2 e 3 with unit vectors e 1 , e 2 , e 3 , attached to the pendulum so that the unit vector e 1 is perpendicular to the plane of rotation of the pendulum and the unit vector e 3 is directed along its symmetry axis.
This scheme can be implemented with various designs in practice. For example, by modification of the famous pendulum mechanism installing the rotor on it. But the simplest design is realized in the case of installation of the wheeled platform with rotor inside the spherical shell. Figure 1b shows a three-dimensional model of the proposed design of a spherical robot of combined type. In this figure, a wheeled platform moves inside the spherical shell -1 along the rim -2. The platform is driven by two wheels -5 with individual drive motors -6, synchronized by the control system. The profile of the drive wheels, as well as the material from which they are made, ensure that they roll without slipping around the rim. The contact of the driving wheels with the rim is provided by a spring-loaded roller -7. A rotor -3 actuated by an motor with a gearbox -4, ensures the rotation of the spherical robot relative to the vertical axis. The origin of the moving coordinate system is at the geometric center of the shell C (see Fig. 1 ). In what follows, all vectors are referred to the moving coordinate system Ce 1 e 2 e 3 . The position of the system is given by the coordinates of the center of the sphere R = (x, y, 0) in the fixed reference frame, by the angle of rotation ϑ of the pendulum about the axis e 1 , by the angle of rotation ϕ of the rotor relative to the axis e 3 and by the orthogonal matrix of rotation Q of the moving coordinate system relative to the fixed one. The columns of the matrix Q are the coordinates of the fixed vectors α, β, γ, referred to the moving coordinate system Ce 1 e 2 e 3 : Q = (α, β, γ).
The absence of slipping at the point of contact of the shell with the plane is described by the nonholonomic constraint
where v and Ω are the velocity of the center and the angular velocity of rotation of the shell, respectively, R s is the radius of the shell, and γ = (γ 1 , γ 2 , γ 3 ) T is the unit vector of the fixed reference frame in the direction of the vertical axis.
The kinetic and the potential energy of the sphere-pendulum system can be represented in the following form: 
where R b is the distance from the center of the sphere to the center of mass of the pendulum. The equations governing the dynamics of the system considered can be written in the form of the d'Alembert -Lagrange equations of the second kind in quasi-velocities with undetermined multipliers and forcing actions. As shown in [15] , the equations of motion for the variablesφ,θ, Ω, γ decouple from the complete system and take the following form:
is the tensor of inertia of the pendulum relative to the center of the sphere, K θ is the moment of external forces (control action) which defines the rotation of the pendulum in the given plane, and K ϕ is the moment of external forces which defines the rotation of the rotor about its symmetry axis (the rod of the pendulum). Supplementing Eqs. (2.1) with the kinematic relations describing the motion of the center of the spherical robot and the rotation of the moving axes relative to the fixed axeṡ
where the matrices Ω and A have the form
we obtain a closed system of equations that completely describes the rolling of the spherical robot on the plane. The control of a spherical robot of combined type with a feedback stabilizing the given partial solutions of the free system is considered in [18, 19] . In the approach considered, the feedback depends on the current position and the velocities of the spherical robot, does not depend on the specific type of trajectory, and involves specifying the control torques K ϑ and K ϕ .
The results of simulation of the motion of the spherical robot of combined type using feedback, as presented in [18, 19] , confirm the possibility of stabilizing the spherical robot. However, the question of choosing and verifying the values of the coefficients k ϑ and k ϕ remains open. The results of experimental investigations of the proposed algorithm show that the control actions for stabilization are similar to periodical oscillations [16, 17] .
Motion in the case of periodically oscillating control actions
Consider the influence of control actions in the form of periodic oscillation on the stability of motion.
We choose the smooth acceleration from the initial rest position of the pendulum and the motion along the straight line as the base motion. It is realized by the deviation of the pendulum The corresponding dependencesφ(t) andθ(t) are shown in Fig. 2 . Depending on the initial conditions Q(0), the spherical robot will perform various oscillations in the process of movement. Consider the most illustrative examples for different initial conditions, which we define as follows: The results obtained and presented in Fig. 3 show that, regardless of the initial conditions, small periodic oscillations contribute to the stabilization of the motion of a spherical robot, while, for example, the constant rotation of the rotor leads to significant deviations of the trajectory [16] . In practice, such small periodic oscillations of control actions can be used to stabilize motion in the case of deviations caused by obstacles, deviations of geometric dimensions, and uncertainties.
Dynamics of the spherical robot rolling on a periodically oscillating underlying surface
Consider the problem of motion of the spherical robot on a periodically oscillating underlying surface (Fig. 4) . In this section, we choose as a spherical robot a rotor model with a displaced (but fixed) center of mass, which is set in motion by changing the intrinsic gyrostatic momentum. Oscillations of the surface are realized by the angular velocity of the plane Ω(t). The nonholonomic constraint in the case of a rotating underlying plane is
where r is the radius vector of the contact point from the center of mass position, R is the radius vector of the ball center in the moving axes. Following [20] , one can obtain equations of motion for the system of interest. After reduction the system under consideration takes the form in variables ω, γ, R: (4.2) where K = (K 1 , K 2 , K 3 ) is the gyrostatic moment, c = (c 1 , c 2 , c 3 ) is the constant displacement of the center of mass relative to the geometrical center of the sphere, and the radius vector r is expressed in terms of c and γ as follows:
Consider the results of numerical simulation of the system (4.2) for various control actions given by the gyrostatic moment: without any control (K = 0), with constant gyrostatic moment (K = const) and by periodical gyrostatic moment. All results of simulations are presented for angular velocity Ω(t) = sin(t).
The results presented in Fig. 5 show that, in the case of oscillations of the underlying surface, stabilization by means of small periodic control actions is inefficient.
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(a) (b) (c) Fig. 5 . Trajectories of the spherical robot moving on an oscillating plane in the case of: a) K(t) = 0, b) K(t) = (0, 0, 1), c) K = (0, 0, 0.5 · sin(2 · t)).
Conclusions
In conclusion, we present the most important problems obtained in this work and plans for the future in the study of the rolling of a spherical robot in the case of small periodic control actions or on the surface performing small oscillations:
1. Small periodic oscillations contribute to the stabilization of the motion of a spherical robot keeping the desired direction of motion of the robot. 2. In addition to oscillations of the underlying surface in the horizontal plane, oscillations along the vertical should also be considered. Taking them into account will allow modeling more complex dynamic behavior. 3. Future research will be aimed at developing an algorithm for calculation of control actions to compensate for the influence of the oscillating underlying surface.
